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Abstract
In practical autonomous vehicle systems, model uncertainty and measurement
noise are two challenging factors that deteriorate path tracking accuracy and
system stability. This article proposes an adaptive robust controller to deal with
these two factors and enhance path tracking accuracy. First, the path tracking
model considering time-varying uncertainty is built and represented as nomi-
nal and uncertain portions. Second, the control law is designed separately for
both portions. A linear quadratic regulator controller is utilized to stabilize the
nominal system. An additional robust control law is proposed to suppress the
matched uncertainty and measurement noise, with an adaptive scheme aimed
at estimating the bound outside uncertainty. The path tracking system with the
developed control law is proved to possess uniform boundedness, uniform ulti-
mate boundedness properties, and robustness against mismatched uncertainty.
Eventually, the effectiveness of the developed controller is validated using both
MATLAB/Simulink-TruckSim co-simulation and an autonomous vehicle plat-
form. The results demonstrate that the designed adaptive robust control can
achieve accurate path tracking in the presence of time-varying uncertainty and
measurement noise.
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1 INTRODUCTION

Autonomous vehicles (AVs) have the capability to navigate themselves depending on surrounding environments and
scheduled tasks. Typical autonomous vehicle systems consist of three basic stages and modules, namely perception, plan-
ning, and control.1 Control strategies play a significant role in finishing the expected driving tasks. The control strategy
is usually decoupled into longitudinal and lateral control. This article focuses on path tracking control, which enables a
vehicle to track its desired path.

The path tracking problem has been widely studied recently.2-6 Existing path tracking strategies can be categorized into
two types, that is, model-free methods and model-based methods. Model-free methods have the advantages of simplicity
and ease of engineering application, such as PID control and fuzzy control methods.7 In recent years, some learning-based
methods have also gained increasing popularity.8,9 As for model-based strategies, the vehicle model and controller design
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are two significant points to improve the performance of path tracking for autonomous vehicles. The frequently used
model configurations include geometric, kinematic, and dynamic models.10 Each of them has its benefits and purposes
depending on usage and studied properties. The pure pursuit algorithm and Stanley method are two popular geometric
controllers and can achieve satisfactory performance at a relatively low speed.11,12 Methods based on optimization theo-
ries, such as linear quadratic regulator (LQR) and model predictive control (MPC), have been widely used to design path
tracking controllers.13,14 They have the potential to enhance path tracking accuracy at the cost of increased computa-
tional burden. In practical vehicle systems, model uncertainty and measurement noise are two challenging factors that
influence path tracking performance, whereas the aforementioned methods do not address them explicitly. To further
improve the path tracking accuracy, robustness against these two factors should be considered in designing path tracking
controllers.

Time-varying uncertainty is unavoidable for model-based path tracking control strategies, due to the simplifications
and idealizations made in model formulations. The existence of time-varying uncertainty may result in poor tracking
performance or even unsteady motions, which can be dangerous for autonomous vehicles. Extensive efforts have been
dedicated to robust path following controllers design.15-18 Chen et al.19 investigated the robust H∞ path tracking con-
trol design of network-based autonomous vehicles with delay and packet dropout. Tagne et al.20 proposed a higher-order
sliding-mode controller, and verified the robustness against the incorrect value of tire stiffness coefficient and vehicle
mass. The robust MPC theory has also been proposed and adopted for the path tracking task in recent years.21,22 This
method introduced the characteristics of parametric uncertainties, external disturbance, time-varying, and non-linearities
into the autonomous vehicle model, and dealt with the inevitable model mismatch problem caused by them. Experimen-
tal results verified that this strategy could strengthen the robustness of the controlled system and achieve better path
tracking accuracy.21 Yang et al.18 innovatively formulated the vehicle path tracking task as a constraint-following problem
and proposed an optimal robust control for autonomous vehicles with fuzzy uncertainties. Nevertheless, these control
strategies are usually based on a precisely known bound, which is not suitable for practical engineering systems without
the knowledge of uncertainty bounds.

Apart from model uncertainty, measurement noise of system state is also inevitable in engineering systems. The noise
resulting from sensors has an impact on the smoothness and stability of the path tracking system. Valuable explorations
have been done to handle measurement noise in the process of controller design.23-26 Most of the existing studies focus
on filtering the noise out. Lee et al.23 designed a model-based linear quadratic Gaussian (LQG) control with an adaptive
Q-matrix and validated its performance by experimental results. The controller could effectively handle the noise and
errors arising from the localization and path planning algorithm. Rayguru et al.26 developed a robust observer-based
sliding mode controller to fulfill the path tracking task under sensor inaccuracies. The designed controller performed well
under measurement errors but it could barely account for any model uncertainties. Although the measurement noise can
be reduced by various filter algorithms, it can not be eliminated. Thus, in the process of controller design, it is necessary
to assure closed-loop stability in the presence of measurement noise.

To improve the path tracking performance of autonomous vehicles, the controller needs to be robust against both
model uncertainties and measurement noise. In this article, the designed controller consists of two parts, one of which
aims to stabilize the nominal system, namely the system without considering model uncertainties, and the other is used
to counteract the impact of model uncertainties and measurement noise.

Hence, based on the LQR controller, we develop an adaptive control law to suppress the matched uncertainties. Fur-
thermore, we discuss its robustness against mismatched uncertainties and measurement noise. Finally, the proposed
controller is implemented on both the simulation platform and vehicle platform to validate its effectiveness.

The main contribution of this article is the design and validation of the adaptive robust path tracking controller that
can tackle both model uncertainty and measurement noise. Specifically, the study contributes in two ways: (a) A robust
path tracking controller is designed to compensate for model uncertainty and measurement noise, with an adaptive law
to approximate their bounds. The proposed controller renders the uniform boundedness (UB) and the uniform ultimate
boundedness (UUB) performance of the path tracking system. The performance is guaranteed in theory and validated
through both simulation and field tests. (b) The robustness of the proposed controller against mismatched uncertainties
is analyzed, and the sufficient condition ensuring the robustness is provided.

The remainder of this article is outlined as follows. Section 2 derives the vehicle lateral dynamics model and path
tracking problem formulation. Section 3 introduces the design of the controller. Section 4 analyzes the performance of the
proposed controller and its robustness against the mismatched uncertainties. The simulation and experimental results
are described and discussed in Section 5. Section 6 concludes the article.
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2 MODELING OF PATH TRACKING SYSTEM

In this section, a path tracking model based on the vehicle lateral dynamic model is built. Then the uncertainties contained
in the model are analyzed, and divided into matched and mismatched portions.

2.1 Vehicle lateral dynamic model

This article focuses on controller design for front-wheel-steering vehicles. We suppose that the vehicle body and the
suspension system are rigid, and the vertical motion can be ignored. The steering motion is driven by the front steer
only, and we assume that the tires have the same steering angle and speed at any moment. A linear single-track dynamic
model considering lateral motion and yaw motion is adopted to design the path tracking controller. This dynamic model
keeps the essential vehicle steering dynamics, as well as low computational complexity. The definitions of the inertial
coordinate system OXY and the vehicle local coordinate system oxy are depicted in Figure 1. Corresponding symbols are
explained in Table 1.

F I G U R E 1 Coordinate system layout of the path tracking problem.

T A B L E 1 Definitions and symbols of the dynamics model

Definition Symbol Unit

Mass of the vehicle m kg

Longitudinal velocity (in oxy) vx m/s

Lateral velocity (in oxy) vy m/s

Lateral acceleration (in oxy) ay m/s2

Heading angle of vehicle body (in OXY ) 𝜑 rad

Yawing moment of inertia of the vehicle Iz kg m2

Front wheel steering angle 𝛿f rad

Lateral tire force of the front/rear wheel (in oxy) Fx ,Fy N

Distance from c.g. to the front/rear axle lf , lr m

Slip angle of the front/rear wheel 𝛼f , 𝛼r rad

Cornering stiffness of vehicle of the front/rear axle Cf ,Cr N/rad

Road curvature cR 1/m

Heading error of vehicle with respect to road e𝜑 rad

Offset of c.g. from the trajectory ey m

Desired heading of vehicle body (in OXY ) 𝜑des rad
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According to Newton’s second law, the dynamic equations of the lateral and yaw motions can be written as

m(v̇y + vx𝜑̇) = Fyf + Fyr,

Iz𝜑̈ = lf Fyf − lrFyr, (1)

where Fyf and Fyr are the lateral tire forces of the front and rear tires, respectively. Under the small slip-angle assumption,
they are proportional to the tire slip angles, namely

Fyf = Cf𝛼f ,Fyr = Cr𝛼r, (2)

where Cf and Cr are cornering stiffness of the front and rear axles; 𝛼f and 𝛼r are slip angles of the front and rear wheels.
The slip angles in Equation (2) can be obtained by

𝛼f = −
vf

vx
+ 𝛿f = −

vy + lf 𝜑̇

vx
+ 𝛿f , 𝛼r = −

vr

vx
= −

vy − lr𝜑̇

vx
, (3)

where vf and vr are the lateral speeds of the front and rear wheel, respectively.
Figure 1 describes the definitions of the errors in the path tracking problem. The lateral error ey stands for the dis-

tance between the gravity center and the reference waypoint that is defined by the crosspoint of the reference path and
the y axis. Similarly, the heading error e𝜑 is calculated by the desired heading angle of the reference waypoint minus the
current heading angle. The above definitions indicate that the studied tracking problem is a geometric path-following
problem.27 Combining Equations (1)–(3), we can express the second order derivative of lateral error ey and heading
error e𝜑 as

ëy =
Cf

m
𝛿f −

Cf + Cr

mvx
(ėy − vxe𝜑) −

[ lf Cf − lrCr

mvx

]
(ė𝜑 + 𝜑̇des) + vxė𝜑,

ë𝜑 =
lf Cf

Iz
𝛿f −

lf Cf − lrCr

Izvx
(ėy − vxe𝜑) −

l2
f Cf + l2

r Cr

Izvx
(ė𝜑 + 𝜑̇des) − 𝜑̈des. (4)

The lateral dynamics can be denoted in the state-space form, with the state vector being x = [ey, ėy, e𝜑, ė𝜑]T ∈ R4 and
the control input being the front wheel steering angle u = 𝛿f ∈ R, that is,

ẋ =

⎡⎢⎢⎢⎢⎢⎢⎣

0 1 0 0

0 â1
mvx

â1
m

−â2
mvx

0 0 0 1

0 −â2
Izvx

â2
Iz

−â3

Izvx

⎤⎥⎥⎥⎥⎥⎥⎦

x +

⎡⎢⎢⎢⎢⎢⎢⎣

0
Cf

m

0
lf Cf

Iz

⎤⎥⎥⎥⎥⎥⎥⎦

u +

⎡⎢⎢⎢⎢⎢⎢⎣

0
−â2
m
− v2

x

0
−â3

Iz

⎤⎥⎥⎥⎥⎥⎥⎦

cR, (5)

where âi(i = 1, 2, 3) are the lumped coefficients defined as

â1 = Cf + Cr, â2 = lf Cf − lrCr, â3 = l2
f Cf + l2

r Cr. (6)

Then the state-space equation of the path tracking problem can be simplified as

ẋ = Âx + B̂u + DcR. (7)

The output equation can be written as

y = x + w, (8)

where w ∈ R4 denotes the measurement noise.
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2.2 Uncertainty analysis

In real-world engineering systems, the model uncertainty may arise from various sources, such as parametric perturbation
and unmodeled disturbance. Many ways to describe uncertainty have been applied in existing studies. In References
28,29, probability theory was employed to interpret the uncertainties. This approach describes the distribution of the
uncertainties, but sufficient data is needed to calculate the frequency of occurrence. Xu et al.30 and Yang et al.18 model the
uncertainties using fuzzy set theory, which adopts the degree of occurrence to describe uncertainty. Besides, uncertainty
bound is another frequently used method to describe uncertainty, which complies with the fact that engineering system
uncertainties usually have bounds.31 Here we mainly analyze the parametric uncertainty of the path tracking dynamic
model, by decomposing the parameters with uncertainty.

In real-world vehicle systems, it is hard to acquire the tire cornering stiffness exactly due to its nonlinearity. Consider
the parametric uncertainty of the cornering stiffnesses Cf and Cr, that is,

Cf = Cf + ΔCf ,Cr = Cr + ΔCr, (9)

where Cf and Cr denote the nominal portion, that is, a deterministic value set in the model; ΔCf and ΔCr represent the
uncertain portion, that is, the discrepancy between the value of the nominal portion and the true value.

Hence, the path tracking dynamic model can be rewritten in terms of nominal portions and uncertain portions as

ẋ = Âx + B̂u + DcR

= (A + ΔA)x + (B + ΔB)u + DcR

= (Ax + Bu) + (ΔBu + ΔAx + DcR), (10)

where the matrices A,ΔA,B, and ΔB can be calculated using Equations (5) and (9).
We decompose the uncertain coefficient matrices along the direction of nominal input matrix B. For ΔA, we have

ΔA = BA1 + A2, (11)

where

A1 =
[
0 −ΔCf

Cf vx

ΔCf

Cf

−lfΔCf

Cf vx

]
,A2 =

⎡⎢⎢⎢⎢⎢⎣

0 0 0 0
0 −ΔCr

mvx

ΔCr
m

lrΔCr
mvx

0 0 0 0
0 lrΔCr

Izvx

−lrΔCr
Iz

−l2
rΔCr

Izvx

⎤⎥⎥⎥⎥⎥⎦
. (12)

As for ΔB, it can be denoted as

ΔB = Bb, (13)

where b = ΔCf

Cf
.

Similarly, matrix D can be decomposed as

D = Bd + D1, (14)

where

d = −
Cf lf

Cf
− mlr

Cf (lf + lr)
v2

x , D1 =

⎡⎢⎢⎢⎢⎢⎢⎣

0
lrCr
m
− lf

lf+lr
v2

x

0
−l2

r Cr

Iz
+ mlf lr

Iz(lf+lr)
v2

x

⎤⎥⎥⎥⎥⎥⎥⎦

. (15)
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Substituting Equations (11), (13), and (14) into state-space equation (10), we have

ẋ = Ax + Bu + (ΔBu + ΔAx + DcR)
= Ax + B(1 + b)u + B(A1x + dcR) + (A2x + D1cR)
∶= Ax + B(1 + b)u + e + ẽ, (16)

where

e = B(A1x + dcR), ẽ = A2x + D1cR. (17)

So far, the path tracking dynamical model has been rewritten as the formulation with the matched uncertainty e
and the mismatched uncertainty ẽ. The matched uncertainty enters the system through the same channel as the control
input, while the mismatched part enters the system in an arbitrary manner. Thus, we can restrain the matched portion
of the uncertainty by assigning a certain control force. On the other hand, the mismatched uncertainty existing in the
path tracking system can be tolerated in order to ensure system stability. Next, we will begin with designing a controller
based on the model considering only matched uncertainty. The capability of tolerating mismatched uncertainty will be
discussed later.

3 ADAPTIVE ROBUST PATH TRACKING CONTROL DESIGN

We design the controller with two targets, stabilizing the nominal system and compensating for the uncertain part and
measurement noises. In this section, we design a control law related to these two targets.

Consider the following path tracking system with uncertainties and measurement noises
{

ẋ(t) = Ax(t) + Bu(t) + e(x, 𝜎, t),
y(t) = x(t) + w(t),

(18)

where e(x, 𝜎, t) denotes the uncertain portion of the system, and 𝜎 ∈ Σ ⊂ Rm represents the uncertainty parameter of the
path tracking dynamical system. w ∈ W ⊂ R4 represents the uncertainty parameter of the measurement noise. Σ and
W are unknown but compact. As 𝜎 is only contained by the uncertain portions of the parameters, we use e(x, t) in the
following context for simplicity. However, the mismatched uncertainty ẽ is neglected. In the following context, we will
show that this simplification does not hurt its robustness against mismatched uncertainties.

For uncertain system Equation (18), the following control is designed

u(t) = Ky(t) + p(y(t), 𝛽(t)), (19)

where u1 = Ky(t) is designed to stabilize the nominal portion and u2 = p(y(t), 𝛽(t)) aims to compensate for uncertain
portion with adaptive parameter 𝛽(t).

First, to stabilize the nominal system, we consider the Riccati equation

ATP + PA − 2PBR−1BTP + Q = 0, (20)

where Q ∈ R4×4 is a constant positive semi-definite matrix and R ∈ R is a positive constant scalar. The solution of the
equation has a unique existence because the pair (A,B) is stabilizable. Hence, the feedback coefficient can be given by

K = −R−1BTP. (21)

Next, the second portion of u is designed to suppress the uncertainty. The saturation type control p(y, 𝛽) is given by

p(y, 𝛽) =
⎧⎪⎨⎪⎩
− BTPy

||BTPy|| (𝛽1 + 𝛽2||y||) if ||BTPy|| > 𝜖
−BTPy

𝜖
(𝛽1 + 𝛽2||y||) otherwise

, (22)
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where 𝜖 is a small positive constant in case the denominator is equal to zero. The parameter 𝛽 = [𝛽1, 𝛽2]T of the bounds
of uncertainties, represented as 𝛽1 + 𝛽2||y||, is unknown. Hence, 𝛽1 and 𝛽2 are used to approximate them in the following
adaptive scheme.

Throughout this article, vector norms || ⋅ || are taken to be 2-norm if no specific subscripts are marked, and the matrix
norms are the corresponding induced ones. That is, ||𝚺||2 = 𝜆M(ΣTΣ), where Σ is a real matrix, 𝜆M(⋅) and 𝜆m(⋅) represent
the maximum and minimum eigenvalues of the matrix.

Then the adaptive scheme for 𝛽 = [𝛽1, 𝛽2] is given as

̇̂
𝛽(t) =

{
L1g(y)||BTPy|| − L2𝛽(t) − L3𝛽(t)||y|| if ||BTPy|| > 𝜖
L1g(y) ||BTPy||2

𝜖
− L2𝛽(t) − L3𝛽(t)||y|| otherwise

, (23)

where L1,L2, and L3 are given positive definite 2 × 2 matrices, and g(y) = [1, ||y||]T. The initial value of 𝛽 is denoted as
𝛽(t0) = 𝛽0.

The motivation for this adaptive scheme stems from the following. First, as the system performance deteriorates, a
mechanism should be provided so that the scheme can become more dominant. Second, the scheme should be capable
of adaptively adjusting its strategy when the system performance is satisfied. In adaptive scheme Equation (23), the first
term grows rapidly with ||BTPy|| increasing, which indicates that the system performance worsens. The second and third
terms determine the decreasing rate. If ||y|| is small or 𝛽 is large, the decreasing rate becomes significant.

Lemma 1. (i) For given path tracking system Equation (18) and control law Equation (19) with adaptive scheme
Equation (23), there exists a function ê, such that for all x

e(x, t) = Bê(x, t). (24)

(ii) Further, there are constants k1 ≥ 0 and k2 ≥ 0 so that for all x, we have

||e(x, t)|| ≤ k1 + k2||x||. (25)

Here Equation(25) means that ê is cone-bounded but the bounds k1 and k2 are unknown.

Proof of Lemma 1. (i) According to Equation (16) and control law Equation (19), ignoring the mismatched uncertainty
term, we have

e(x, t) = B[Kw + A1x + b(Kx + Kw + p(x + w, 𝛽)) + dcR], (26)

so for all x, we have

ê(x, t) = Kw + A1x + b(Kx + Kw + p(x + w, 𝛽)) + dcR. (27)

(ii) Then we first assume that ê(x, t) is cone-bounded. That is, there exist unknown positive parameters 𝜃1 and 𝜃2
making the following equation solvable

||ê(x, t)|| ≤ 𝜃1 + 𝜃2||x||. (28)

For y = x + w,

||ê(x, t)|| ≤ ||Kw|| + ||A1||||x|| + ||bK||||x + w|| + ||b||(𝛽1 + 𝛽2||x + w||) + ||dcR||
≤ max

w∈W
||Kw|| +max

𝜎∈Σ
(||A1|| + ||bK|| + ||b||𝛽2)||x|| + max

w∈W ,𝜎∈Σ
(||bKw|| + 𝛽2||bw||) +max

𝜎∈Σ
(𝛽1||b|| + ||dcR||), (29)

where 𝜎 ∈ Σ ⊂ Rm and w ∈ W ⊂ R4 represent the uncertainty parameters of the system and the measurement noise,
respectively. Σ and W are unknown but compact. Additionally, according to the adaptive law Equation (23), letting ̇̂

𝛽 = 0,
the adaptive parameters achieve the maximum value

max
t∈R

𝛽(t) = L1g(y)||BTPy(||L2 + L3||y||)−1
. (30)
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Near the equilibrium state, ||y|| is bounded, so the adaptive parameters are bounded. Since in the real-world dynamical
system both system uncertainty and measurement noise are bounded too, there exist positive constants 𝜃1 and 𝜃2 that
make the assumption Equation (28) reasonable.

Combine Equations (24) and (28)

||e(x, t)|| ≤ ||B||||ê(x, t)|| ≤ ||B||(𝜃1 + 𝜃2||x||) = k1 + k2||x||. (31)

Hence, Lemma 1 is proved. ▪

Definition 1. Uniform boundedness. Given any r > 0 and any 𝜇(⋅) ∶ [t0, t1) → R4 ×R2
, 𝜇(t0) = 𝜇0, of the closed-loop

system, with ||𝜇0|| ≤ r, there is a constant d(r) > 0 such that ||𝜇(t)|| ≤ d(r) for all t ∈ [t0, t1).

Definition 2. Uniform ultimate boundedness. For each d ≥ d and r > 0, given any 𝜇(⋅) ∶ [t0,∞)→ R4 ×R2
, 𝜇(t0) = 𝜇0,

with ||𝜇0|| ≤ r, there is a finite time T(d, r) ≥ 0 such that ||𝜇(t)|| ≤ d for all t > t0 + T(d, r).

Theorem 1. Suppose the uncertain system Equation (18) is subject to control Equation (19), with adaptive parameter 𝛽
given by Equation (23). Let 𝜇 = [xT

𝛽
T − 𝛽T]T, 𝜇0 = [xT

0 𝛽
T
0 − 𝛽T]. Then there exists a constant d > 0 such that the closed-loop

system possesses the UB and UUB properties.

Remark 1. Lemma 1 states that the matched uncertainty of the path tracking system is cone-bounded, which provides
the studied sufficient condition for Theorem 1. Theorem 1 illustrates that the closed-loop system possesses UB and UUB
properties. Convergence to the equilibrium state strictly is not possible for the uncertain system due to the unpredictable
uncertainty. In fact, UUB is the best performance that the uncertain system can achieve. For any initial state, the final state
can always return to a given sphere near the equilibrium state. In the real-world path tracking system, these properties
guarantees bounded tracking error.

4 PERFORMANCE ANALYSIS

In this section, we analyze the performance of the controller designed in Section 3. The process is divided into two parts,
(1) verifying the deterministically guaranteed performance against matched uncertainties and (2) verifying the robustness
against mismatched uncertainties.

4.1 Proof of Theorem 1

Take the following Lyapunov function candidate

ṽ(x, 𝛽) = 𝜂1v1(x) + 𝜂2v2(𝛽),

v1(x) = xTPx, v2(𝛽) =
1
2
(𝛽 − 𝛽)TL−1

1 (𝛽 − 𝛽), (32)

where P is the solution of the Riccati equation (20), and positive constant coefficients 𝜂1 and 𝜂2 are to be decided later.
Taking the time derivative of v1, it can be shown that

v̇1(x) = 2xTPẋ = 2xTP[Āx + Bp(x + w, 𝛽) + Bê + BKw]

= 2xTP[Āx + Bp(y, 𝛽) + Bê + BKw] + 2yTPB[p(y, 𝛽) − p(y, 𝛽)] − 2wTPB[p(y, 𝛽) − p(y, 𝛽)], (33)

where Ā ≜ A + BK, with K designed in Equation (21). For the first term of Equation (33) we have

2xTP[Āx + Bp(y, 𝛽) + Bê + BKw] ≤ −𝜆m(Q)||x||2 + 𝜆1||x|| + 𝜆2, (34)

where

𝜆1 =
𝜖

2
k2, ŵ = max

w∈W
||w||, 𝜆2 =

𝜖

2
[(2k2 + ||K||)ŵ + k1], (35)

is related to the bounds of uncertainties.32
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As for the second term of the Equation (33), if ||BTPy|| > 𝜖,

2yTPB[p(y, 𝛽) − p(y, 𝛽)] ≤ −2||BTPy||2||BTPy||−1 × [(𝛽1 − 𝛽1) + (𝛽2 − 𝛽2)||y||]
= −2||BTPy||gT(𝛽 − 𝛽). (36)

Otherwise, for ||BTPy|| ≤ 𝜖, we have

2yTPB[p(y, 𝛽) − p(y, 𝛽)] ≤ −2||BTPy||2𝜖−1[(𝛽1 − 𝛽1) + (𝛽2 − 𝛽2)||y||]
= −2||BTPy||2𝜖−1gT(𝛽 − 𝛽). (37)

Similarly, for ||BTPy|| > 𝜖, the third term of Equation (33) satisfies

−2wTPB[p(y, 𝛽) − p(y, 𝛽)] ≤ 2(BTPw)T(BTPy)||BTPy||−1gT(𝛽 − 𝛽)

≤ 2w||BTPy||||BTPy||−1||g||||𝛽 − 𝛽||
= 2w||g||||𝛽 − 𝛽||, (38)

where w = maxw∈W ||BTPw||. Since

||g||2 = 1 + ||y||2 ≤ (1 + ||y||)2, (39)

we have

2w||g||||𝛽 − 𝛽|| ≤ 2w(1 + ||y||)||𝛽 − 𝛽||. (40)

For ||BTPy|| ≤ 𝜖,

− 2wTPB[p(y, 𝛽) − p(y, 𝛽)] ≤ 2w||BTPy||𝜖−1(1 + ||y||)||𝛽 − 𝛽||
≤ 2w(1 + ||y||)||𝛽 − 𝛽||. (41)

The time derivative of v2 is given as follows. For ||BTPy|| > 𝜖,

v̇2(𝛽) = (𝛽 − 𝛽)TL−1
1 (L1g||BTPy|| − L2𝛽 − L3𝛽||y||)

= (𝛽 − 𝛽)Tg||BTPy|| − (𝛽 − 𝛽)TL−1
1 L2(𝛽 − 𝛽) − (𝛽 − 𝛽)L−1

1 L2𝛽

− (𝛽 − 𝛽)TL−1
1 L3(𝛽 − 𝛽)||y|| − (𝛽 − 𝛽)TL−1

1 L3𝛽||y||. (42)

Combining Equations (32), (34), (36), and (38), we can obtain the total time derivative of Lyapunov function for
||BTPy|| > 𝜖,

̇̃v(x, 𝛽) ≤ −𝜂1𝜆m(Q)||x||2 + 𝜂1𝜆1||x|| + 𝜂1𝜆2 − 2𝜂1||BTPy||gT||𝛽 − 𝛽|| + 2𝜂1w||y||||𝛽 − 𝛽||
+ 2𝜂1w||𝛽 − 𝛽|| + 𝜂2(𝛽 − 𝛽)Tg||BTPy|| − 𝜂2(𝛽 − 𝛽)TL−1

1 L2𝛽

− 𝜂2(𝛽 − 𝛽)TL−1
1 L3(𝛽 − 𝛽)||y|| − 𝜂2(𝛽 − 𝛽)TL−1

1 L3𝛽||y||. (43)

Here choose 2𝜂1 = 𝜂2 and let 𝛽 ≜ ||𝛽||, and observe the fact that

2𝜂1w||y||||𝛽 − 𝛽|| − 𝜂2(𝛽 − 𝛽)TL−1
1 L2(𝛽 − 𝛽)||y|| − 𝜂2(𝛽 − 𝛽)TL−1

1 L3𝛽||y||
≤ [(2𝜂1w + 𝜂2𝛽𝜆M(L−1

1 L3))||𝛽 − 𝛽|| − 𝜂2𝜆m(L−1
1 L2)||𝛽 − 𝛽||2]||y||

≤ [4𝜂2𝜆m(L−1
1 L2)]−1 × [2𝜂1w + 𝜂2𝛽𝜆M(L−1

1 L3)]2||y||
≜ 𝜆3||y|| ≤ 𝜆3||x|| + 𝜆3ŵ. (44)
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Then, for ||BTPy|| > 𝜖, it turns out that

̇̃v ≤ −𝜂1𝜆m(Q)||x||2 + (𝜂1𝜆1 + 𝜆3)||x|| + 𝜂1𝜆2 + 𝜆3ŵ − 𝜂2𝜆m(L−1
1 L2)||𝛽 − 𝛽||2 + [2𝜂1w + 𝜂2𝛽𝜆M(L−1

1 L2)]||𝛽 − 𝛽||. (45)

Following the similar procedure, combine Equations (32), (34), (37), and (41) we can obtain the same results, for
||BTPy|| ≤ 𝜖 unequal relationship (45) holds too.

Now let 𝜇 = [xT
𝛽

T − 𝛽T]T and hence ||𝜇||2 = ||x||2 + ||𝛽 − 𝛽||2, it turns out that for both ||BTPy|| > 𝜖 and ||BTPy|| ≤ 𝜖,

̇̃v ≤ −𝜆4||𝜇||2 + 𝜆5||𝜇|| + 𝜆6, (46)

where

𝜆4 = min{𝜂1𝜆m(Q), 𝜂2𝜆m(L−1
1 L2)},

𝜆5 = [(𝜂1𝜆1 + 𝜆3)2 + (2𝜂1w + 𝜂2𝛽𝜆M(L−1
1 L2))2]

1
2 ,

𝜆6 = 𝜂1𝜆2 + 𝜆3w. (47)

By choosing appropriate matrices Q,L1, and L2, we can assure 𝜆4 > 0. In this case, ̇̃v is negative definite for any sufficiently
large ||𝜇||, which satisfies

||𝜇|| > 𝜆5 +
√
𝜆

2
5 + 4𝜆4𝜆6

2𝜆4
. (48)

We conclude the uniform boundedness with

d(r) =
⎧⎪⎨⎪⎩

√
𝛾2
𝛾1

R̃ if r ≤ R̃
√

𝛾2
𝛾1

r otherwise,
(49)

where

𝛾1 = min{𝜂1𝜆m(P), 𝜂2𝜆m(L−1
1 )∕2}, 𝛾2 = max{𝜂1𝜆M(P), 𝜂2𝜆M(L−1

1 )∕2},

R̃ =
𝜆5 +

√
𝜆

2
5 + 4𝜆4𝜆6

2𝜆4
. (50)

Furthermore, the system possesses uniformly ultimate boundedness characteristic, because with ||x0|| < r, there exists

T(d, r) =
⎧⎪⎨⎪⎩

0 if r ≤ R
𝛾2r2−𝛾2

1 𝛾
−1
2 d

2

𝜆4𝛾1𝛾
−1
2 d

2
−𝜆5

√
𝛾1∕𝛾2d−𝜆6

otherwise,
(51)

where R =
√

𝛾1
𝛾2

d.

Remark 2. This subsection presents the proof of the UB and UUB properties of the closed-loop system. The proof is
supported by Lyapunov stability theory. We take a positive definite Lyapunov function candidate regarding state x and
adaptive parameter 𝛽, and then verify the negative definiteness of its time derivative using some inequality scaling tricks.
Equations (49) and (51) indicate the uniform boundedness and ultimate boundedness region.

4.2 Robustness against mismatched uncertainties

The previous subsection designs an adaptive robust control (ARC) and analyzes its performance, which considers only
matched uncertainties in the path tracking system. It is of practical significance that the proposed control be robust against
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the presence of mismatched uncertainties.33 Therefore, this subsection studies the robustness of the proposed controller
against mismatched uncertainties.

In Equation (16), we have decomposed the uncertainties into matched portion e(x, t) and mismatched portion ẽ(x, t),
as shown in Equation (17). Suppose that there are constants 𝛿1, 𝛿2 ≥ 0 such that for all (x, t) ∈ R4 ×R, the mismatched
portion is also cone-bounded, that is,

||ẽ(x, t)|| ≤ 𝛿1 + 𝛿2||x||. (52)

Assumption Equation (52) is valid in path tracking system, because according to Equation (17), we have

||ẽ|| = ||A2x + D1cR|| ≤ ||A2||||x|| + ||D1cR||. (53)

Then, consider the Lyapunov function candidate ṽ same as Equation (32), if the mismatched uncertainty ẽ is added, the
time derivative of v1 can be written as

v̇1(x) = 2xTP[Āx + Bp(y, 𝛽) + Bê + BKw] + 2yTPB[p(y, 𝛽) − p(y, 𝛽)] − 2wTPB[p(y, 𝛽) − p(y, 𝛽)] + 2xTPẽ. (54)

Compared with the original equation, an extra term 2xTPẽ is introduced. Combine Equation (54), the term can be scaled
as follows

2xTPẽ ≤ 2||xTP||||ẽ||
≤ 2||xTP||(𝛿1 + 𝛿2||x||)
≤ 2𝛿1||x||||P|| + 2𝛿2||x||2||P||
≤ 2𝛿1𝜆M(P)||x|| + 2𝛿2𝜆M(P)||x||2. (55)

Upon performing the similar procedure as Equations (33)–(47), with the incorporation of Equation (55), the time
derivative of Lyapunov function candidate is then given by

̇̃v ≤ −𝜆̃4||𝜇||2 + 𝜆̃5||𝜇|| + 𝜆̃6, (56)

where

𝜆̃4 = min{𝜂1𝜆m(Q) − 2𝜂1𝛿2𝜆M(P), 𝜂2𝜆m(L−1
1 L2)},

𝜆̃5 = [(𝜂1𝜆1 + 𝜆3 + 2𝜂1𝛿1𝜆M(P))2 + (2𝜂1w + 𝜂2𝛽𝜆M(L−1
1 L2))2]

1
2 ,

𝜆̃6 = 𝜆6 = 𝜂1𝜆2 + 𝜆3w. (57)

Provided the constant 𝛿2 satisfies

𝛿2 <
𝜆m(Q)
2𝜆M(P)

, (58)

𝜆̃4 is guaranteed to be positive. By replacing 𝜆4 and 𝜆5 by 𝜆̃4 and 𝜆̃5, and following the procedure similar to Equations
(49)–(51), we can prove that the UB and UUB properties are still valid. That is, as long as the condition Equation (58) is
given, the closed-loop system also shows robustness to mismatched uncertainties. The value 𝛿1 can still be arbitrarily large
at the cost of increasing the size of the ultimate boundedness. The inequality (58) imposes an upper bound on 𝛿2, which
depends on the ratio 𝜆m(Q)∕2𝜆M(P). This ratio is only dependent on the nominal portion of the uncertain system. In the
process of controller design that stabilizes the nominal system, we can select weighting matrices based on estimated 𝛿2,
and make sure that the condition (58) holds.
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5 SIMULATION AND EXPERIMENTAL RESULTS

To validate the effectiveness of the controller, we conduct both simulation and field tests. This section describes the details
of the simulation and vehicle experiments and discusses the results.

5.1 Simulation results

We utilize TruckSim and MATLAB/Simulink co-simulation to evaluate the controller before real vehicle implementa-
tion. The vehicle dynamics are simulated by TruckSim and the controller is implemented in MATLAB/Simulink. The
longitudinal motion is controlled by the PID controller in TruckSim to maintain a constant speed, and the lateral motion
control input is provided by the proposed controller. A 2-axles tractor, which keeps pace with the vehicle platform in
the field test, is chosen in the simulation. The parameters for the nominal part of the vehicle platform are listed in
Table 2. The paths to be tracked include double lane change (DLC) and serpentine driving (SD) trajectory. The coordinates
of the path points are the same as the setup in the literature.34 To simulate the measurement noises, we add Gaus-
sian noise with variance 𝜎 = 0.02 to the measured absolute location coordinates. The time step of the vehicle dynamic
model update is chosen as 0.001 s, while the control time step is 0.02 s, which is close to the experimental vehicle
system.

In both scenarios, the performance of the LQR and ARC controller is compared. Our designed adaptive robust control
law is based on LQR control. It aims to compensate for the uncertainties and measurement noises. Hence, to validate the
effectiveness of ARC, we select the same weighting matrices as that of LQR. The weighting matrices Q and R are given as

Q =

⎡⎢⎢⎢⎢⎢⎣

1 0 0 0
0 0.1 0 0
0 0 0.1 0
0 0 0 0.1

⎤⎥⎥⎥⎥⎥⎦
, R = 10. (59)

The positive definite matrices in the proposed adaptive scheme for 𝛽 are selected as

L1 =

[
0.05 0

0 0.05

]
,L2 =

[
1 0
0 1

]
,L3 =

[
1 0
0 1

]
(60)

Figures 2 and 3 show the simulation results of the proposed ARC and the comparison with the baseline LQR controller.
Table 3 lists the evaluation metrics of LQR and ARC.

5.1.1 Case 1: DLC scenario

First, the simulation is carried out in the double lane change scenario. The target longitudinal speed is set as 60 km/h.
The speed control is fulfilled by TruckSim, which confirms vehicle dynamics. Figure 2 depicts the simulation results of
path tracking performance and control input. Figure 2A displays the global path of the vehicle controlled by LQR or
ARC, which shows that ARC achieves better tracking performance than LQR control does, especially when the vehicle
is steering. This is because the additional control force in ARC counteracts the impact of the uncertainties from vehicle
dynamics. Figure 2B,C illustrate the lateral error and heading error during the simulation. The peak values of both errors
decrease. We use the root mean square (RMS) value of the error to evaluate the performance of the controller. As is listed
in Table 3, the RMS of lateral error under ARC is 0.0102, which is about 31.8% lower than it of LQR control. The control

T A B L E 2 Simulation parameters setup

Symbol m lf lr Cf Cr Iz

Value 5760 (kg) 1.11 (m) 3.89 (m) 1.4 × 105 (N/rad) 2.2 × 105 (N/rad) 34,802 (kg m2)
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F I G U R E 2 Comparison of tracking performance under 60 km/h DLC scenario. (A) Global path. (B) Lateral error. (C) Heading error.
(D) Front-wheel steering angle
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F I G U R E 3 Comparison of tracking performance under 60 km/h SD scenario. (A) Global path. (B) Lateral error. (C) Heading error. (D)
Front-wheel steering angle
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T A B L E 3 Comparison of the quantitative results

DLC simulation SD simulation Field test

LQR ARC LQR ARC LQR ARC

RMS of lateral error 0.0149 0.0102 0.0089 0.0059 0.2365 0.1690

RMS of heading error 0.0120 0.0107 0.0062 0.0060 0.0549 0.0354

RMS of control inputa 0.0238 0.0241 0.0182 0.0192 2.6675 2.6473

aFront wheel steering angle in simulations and steering wheel angle in the field test.
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F I G U R E 4 Adaptive parameters in SD scenario

input, that is, the front wheel steering angle, is shown in Figure 2D. We find that ARC’s RMS value of steering angle, which
indicates the control effort, is larger than that of LQR control. It means that the robustness against the uncertainties is at
the cost of extra control effort.

5.1.2 Case 2: Serpentine driving scenario

We then test the ARC controller in the serpentine driving scenario. The longitudinal speed of the vehicle is maintained
at 60 km/h. To display the transient performance of the designed ARC controller, we add a 0.3 m lateral offset in the
initial state. As can be seen in Figure 3A, the adaptive robust control renders the desired system performance. Figure 3B
demonstrates that when the vehicle is steering, the ARC has a more stable performance than the LQR controller. In this
scenario, the quantitative results are calculated by the data that satisfies the X coordinate in [50,600]m, which is not
influenced by the initial error. As is listed in Table 3, the RMS of lateral error under ARC is 0.0059, which is about 33.7%
lower than that of LQR control. In this scenario, the RMS of the steering angle is slightly smaller than that of LQR. This
demonstrates that the introduction of the robust control term does not always cost extra effort. Besides, Figure 4 shows
the curves of adaptive parameters 𝛽1 and 𝛽2. The curves demonstrate that the designed adaptive scheme can follow the
change of the uncertainties and approximate its bound.

5.2 Experimental results

To validate the effectiveness of the designed controller against uncertainties in real-world engineering systems, we imple-
ment it on a vehicle platform. The platform is Jiefang J6P, a 2-axles tractor, as shown in Figure 5. It is equipped with
a by-wire control system that allows for automation of steering, throttle, and brake. The Npos320 integrated navigation
system (INS) is utilized to acquire kinematic information, including vehicle real-time position, longitudinal speed, lat-
eral speed, and yaw angle. The localization accuracy of the INS is 0.04 m. The actual steering angle of the steering wheel
is measured through the Bosch angle sensor. All of this information is sent to the NVIDIA TX2 computing platform by
serial port or CAN bus. The designed controller is implemented in C++ under the Cyber RT framework. The speed of the
vehicle is also maintained by a PID controller. The experiments are conducted in a flat and open field. Before testing the
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F I G U R E 5 Structure of the vehicle platform

0 50 100 150
Global X(m)

-3

-2

-1

0

1

2

3

G
lo

ba
l Y

(m
)

Desired LQR ARC

82 86 90

1.4

1.6

0 50 100 150
Global X(m)

-0.6

-0.4

-0.2

0

0.2

0.4

L
at

er
al

 e
rr

or
(m

)

LQR ARC

0 50 100 150
Global X(m)

-0.2

-0.1

0

0.1

0.2

H
ea

di
ng

 e
rr

or
(r

ad
)

LQR ARC

0 50 100 150
Global X(m)

-5

0

5

St
ee

ri
ng

 a
ng

le
(r

ad
)

LQR ARC

(A) (B)

(C) (D)

F I G U R E 6 Comparison of tracking performance in the field test. (A) Global path. (B) Lateral error. (C) Heading error. (D) Steering
wheel angle

control algorithm, the vehicle is driven manually to record a serpentine path as the desired path. At the beginning of each
trial, the vehicle starts at the same location and tracks the desired path autonomously using the developed path tracking
control algorithm. The experimental validation results are shown in Figure 6.

The experiment is carried out in the serpentine driving scenario. The target longitudinal speed is set as 30 km/h, which
is fulfilled using the by-wire throttle and brake system. Figure 6A depicts the tracking performance of the two control
strategies. Similar to simulation results, the curvature near the trajectory is large, and the tracking performance is poor.
Figure 6B,C illustrate the lateral error and the heading error. Table 3 lists the tracking performance of the two controllers
in the field experiment. The proposed ARC has a great improvement on both lateral error and heading error. The enhanced
tracking accuracy is larger than the localization accuracy of INS, which indicates that the improvement results from
the control algorithm instead of the localization error. Compared with the simulation results, the improvement is more
dominant, because in the real-world vehicle system the uncertainties are more complex, and may have a great impact
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on the controllers without considering them. The RMS of the steering wheel angle in the experiment is 2.6473, slightly
smaller than the LQR controller, which indicates that the improvement of performance does not always come with extra
control efforts.

6 CONCLUSION

In this article, an adaptive robust path tracking control strategy for autonomous vehicles is developed and investigated.
First, the path tracking dynamic model is formulated, based on a single-track bicycle model and considering parametric
uncertainties. Second, the proposed control law is based on the linear quadratic regulator control framework, which is
used to stabilize the nominal part of the system. The robust control law with an adaptive scheme is designed to counteract
the impact of model uncertainties and measurement noises. Third, we analyze the performance of the closed-loop system
and demonstrate that it possesses uniform boundedness and uniform ultimate boundedness properties. The robustness
against the mismatched uncertainties of the control law is also proved.

The designed path tracking controller is implemented both on the simulation platform, by using MATLAB/Simulink
and TruckSim, and on a real autonomous vehicle. The experimental results support the effectiveness of the proposed
strategy. The conclusions are drawn as follows: (a) The proposed control strategy can deal with system uncertainties and
measurement noises at the same time, with a great improvement in tracking accuracy. (b) The adaptive scheme has the
capability to approximate the bounds of the uncertainties.

In this article, we focus on the parametric uncertainties in the system modeling. In fact, uncertainties in the path
tracking task may come from many other sources, such as external disturbance and time delay. Further investigations on
the robustness against these uncertain systems are worth pursuing in the future work.
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